Let R be a commutative noetherian local ring with identity. Modules over R will be assumed to be finitely generated and unitary. A nonzero /?-module M is said to be a strong test module for projectivity if the condition B\llR(P. M) = (0), for an arbitrary module P. implies that P is projective. This definition is due to Mark Ramras [5] . He proves that a necessary condition for M to be a strong test module is that depth Mil. This is also easy to see. In this note it is proved that, over a regular local ring, this condition is also sufficient for M to qualify as a strong test module.
By R we mean a commutative noetherian local ring with identity. Module means a finitely generated unitary /\-module. We use [6] as a standing reference for unexplained terms and basic facts on local algebra.
In [5] , Mark Ramras introduced the notion of strong test module. Definition. Let M be a nonzero Ä-module. M is said to be a strong test module if Ext'Ä(,P, M) = (0), for an arbitrary module P, implies that P is projective.
It is known that the residue field and the maximal ideal of R are examples of strong test modules. Besides, a necessary condition for M to be a strong test module is that depth M < 1. This is well known and easy [5] . It is the purpose of this note to show that over a regular local ring this condition is also sufficient for M to qualify as a strong test module. This is Theorem 1. The proof depends on several lemmas which are well known. As usual * denotes duals and p.d. stands for projective dimension. Proof. See [3] .
We also need a fundamental exact sequence proved by M. Auslander [1] . Before stating it, let us explain some notations. Given A an fl-module, let
be a free resolution oîA. We let F, = A.Seltt°A = A,ÜPA = Kernel^.! -> Fp_2) and DQ,PA = Cokernel^* -» F*+l). Although these definitions depend on the chosen resolution of A, still they are well defined up to "projective equivalence." A consequence will be that the functors ExVR{DQ,pA, ) and lor^DWA, ) are unambiguously defined, provided / > 1. Proof. See [4] .
An easy consequence will be Proof. What remains to prove is that depth M < 1 implies M is a strong test module. Accordingly, let P be an arbitrary module satisfying Ext^T5, M) = (0).
Krull dimension is abbreviated as dim. If dim R = 0, R is a field and any Ä-module is projective. Next, if dim R = 1, then p.d. P < 1. Lemma 1 rules out p.d. P = \. Hence, P is projective. Hereafter, we are permitted to assume dim R ^ 2. We distinguish two cases according as depth M = 0 or depth M = 1.
Case (i). depth M = 0. Proposition 1 implies Tor1"(Z)ß1P, M) = (0). By Proposition 3, DSllP is free. Since S2lP is projectively equivalent to DDtilP, ülP must be free, i.e. p.d. P < 1. Referring to Lemma 1, we conclude that P is free.
Case (ii). depth M = 1. This implies that the maximal ideal of R is not associated to the zero submodule of M. Suppose 3i> 32>-■ • >3r is any finite set of prime ideals each different from m. Then by standard arguments one can find an element x in m\m2, which is outside of every one of the prime ideals 3i> 3 2> • • • > 3 r-Taking, for 3i, 32'-...3,.
tne associated prime ideals of the zero submodule of M, such an element x has the properties (i) x is not a zero divisor on M, (ii) R/xR is a regular local ring. For a Ä-module A, denote A = h/xh.
We first show that P is Ä-projective. Lemma 2 means that E\i\{P, R) = (0) and that the natural map is exact. Noticing that P* ®ÄM = P* <8>RM, we get the commutative diagram with exact rows
The first two vertical maps from the left are isomorphisms in view of (1). Hence by the snake lemma, the natural homomorphism
is an isomorphism of /Gmodules. Referring to Proposition 1, we conclude that Torf (DP, M) = (0). Since R is regular local and depth M = 0, DP must be 7\-projective by Proposition 3. From this it follows easily that P is 7\-projective.
To complete the proof, we can certainly assume P =t= (0). Now P cannot be an artinian module; for if it were, then so would P be, as an Ä-module; being free over R and dim R ^ 1, we would arrive at P = (0), i.e. P = xP and so P = (0), by Nakayama lemma, which would be a contradiction. Let L be the maximal artinian submodule of P and let N be the quotient P/L. Note that N ¥= (0) and depth N > 0.
Using Ext^P, M) = (0) in the exact sequence 0 -» L -* P -» N -» 0, we get a surjective homomorphism (2) Hom
The data, depth M = 1, L is artinian immediately yields Hom(L, M) = (0). Hence, from (2), we find that Exi\(N, M) = (0). Now since depth N and depth M are both positive, by the procedure employed in the beginning of the proof of case (ii), we can find y g m\m2 which is not a zero divisor of both N and M. Then starting from Extfl(./V, M) = (0), we find as before, that N/yN is a projective R/yR-modu\e. Now the additional information that y is not a zero divisor on N clearly means that N is /\-projective. Hence, the sequence, 0->L->P->/V->0 splits and so there is an isomorphism P = L © N, i.e., P = L ®N (notice that P = P/xP, etc.), P being Ä-free, L is 7\-free as well. L being a finite length 7\-module, this is possible only when L = (0), i.e. only when L = (0), by Nakayama lemma. Hence P = N, i.e., P is free Ä-module. This finishes the proof.
Corollary. Let R be a regular local ring. Let M be a nonzero R-module. For an arbitrary R-module P, and integer i ^ 1, the condition ExVR(P, M) = (0) implies p. d. P < i if and only //depth M < 1.
Proof. This follows from Theorem 1 by easy dimension shifting argument.
